A coupled cluster expansion was used to direct an ab initio search for stable ordered structures on the cubic fluorite lattice across the ZrO 2 -Y 2 O 3 composition range. The energies of 453 arrangements of ͑Zr, Y͒ cations and ͑O, vacancy͒ anions on the fluorite lattice were calculated by using density functional theory ͑DFT͒ in the generalized gradient approximation. These DFT energies were used to construct a coupled cluster expansion that allowed the search for possible T = 0 K ground-state structures through ϳ10 5 cation/anion configurations. Our approach correctly identifies the experimentally observed compound Zr 3 Y 4 O 12 and also predicts an asyet-unobserved ordered structure with Zr 4 Y 2 O 11 stoichiometry. In the latter structure, vacancies are at second nearest neighbors from yttrium and every Zr has seven oxygen first nearest neighbors. 
I. INTRODUCTION
Zirconia doped with yttria is a common oxygen ion conductor used in oxygen gas sensors and solid oxide fuel cell electrolytes. However, oxygen conductivity in a ZrO 2 -Y 2 O 3 system displays an unexpected behavior as yttria is added to zirconia. The introduction of yttria creates charge compensating oxygen vacancies that become mobile at high temperatures. Conductivity increases with yttria addition and peaks at 15%-18% YO 1.5 composition, and then it decreases with the addition of more yttria, despite the presence of more vacancies that could aid oxygen diffusion. 1 Two mechanisms may cause a decrease in conductivity: more yttria increases the number of randomly distributed high-energy Y-Y pathways, making oxygen diffusion less favorable, and the addition of yttria introduces more vacancies that form ordered arrangements and inhibit the diffusion of oxygen into vacant sites. [2] [3] [4] [5] [6] The study of ordering in the ZrO 2 -Y 2 O 3 system is, thus, a subject that has generated much interest. To determine the plausibility of vacancy ordering as an inhibitor of oxygen migration, we perform a computational search for all cation and anion ordered ground-state arrangements across the composition range of ZrO 2 -Y 2 O 3 . We begin by describing the yttria stabilized zirconia ͑YSZ͒ structure, the evidence for short-range ordering, and the driving forces for stability to provide the background of the investigation.
YSZ is a solid solution on a cubic fluorite lattice with yttrium and zirconium on a face-centered-cubic cation lattice and oxygen and vacancies on a simple cubic anion lattice ͑Fig. 1͒. In the cubic fluorite structure, each cation is in the center of a cube of eight anions and each oxygen ion or oxygen vacancy is in the center of a cation tetrahedron. An oxygen ion diffuses by hopping across an edge of a tetrahedron between two cations. Experimental reports describe both long-range order ͑LRO͒ and short-range order ͑SRO͒ in the system. The experimentally identified LRO structure is the ␦ structure with Zr 3 Y 4 O 12 stoichiometry. 7 The reported atomic coordinates of the ␦ structure indicate that vacancies are in ͗1 1 1͘ chains along the body diagonals of the anion cubes, with every other cube along the chain having a zirconium in the center.
The ordered ␦ structure is intermediate in composition between pure yttria and pure zirconia, and the ground-state structures of the pure compounds can be described with respect to the fluorite structure. The pure yttria takes the C-type lanthanide structure, which can be considered an oxygen vacancy ordered superstructure of the cubic fluorite lattice. When the structure is superimposed on a cubic fluorite framework, yttrium ions reside in cation sites, oxygen ions fill nals in 75% of the anion cubes and at body diagonals in 25% of anion cubes.
In contrast to the cubic basis of yttria, pure zirconia is monoclinic at low temperatures and has Zr in sevenfold coordination by oxygen rather than in eightfold coordination as in a cubic fluorite. The preference for a sevenfold coordination may be due to the small size of the zirconium ion. The radius ratio between oxygen and zirconium is too large to be sixfold coordinated, as dictated by Pauling's rules, but is not large enough to be eightfold coordinated. 8 Doping the larger Y into Zr sites stabilizes the long-range cubic fluorite structure, but local distortions from the cubic structure remain.
While the structures of zirconia, yttria, and the ␦ structure are well documented, the stable atomic structures at intermediate compositions are less clear. The literature gives evidence for SRO of ions and vacancies at low yttria compositions, 7, [9] [10] [11] [12] [13] [14] [15] but existing phase diagrams of ZrO 2 -Y 2 O 3 do not contain any ordered structures at compositions less than 57% YO 1.5 . 16 The question remains as to whether or not short-range ordering in the solid solution could also be a fingerprint of as-yet-unobserved LRO compounds. The neutron and x-ray diffraction study of Goff et al. 9 describes three types of defects in single crystals: isolated vacancies, divacancy pairs along the body diagonal of an anion cube centered around a cation, and aggregates of the divacancy pairs aligned along ͗1 1 2͘. Another important feature of the atomic arrangements is the relative position of yttrium to oxygen vacancies in the solid solution. Experimental studies observe that in dilute yttria compositions, vacancies reside in the first nearest neighbor position to zirconium. 17, 18 Computational studies confirm the tendency of vacancy preference for nearest neighbor sites to Zr. 7, 19, 20 In addition to the above reports of LRO and SRO in YSZ, other reports of ordering exist as well: A selected area diffraction study of a material with 50% YO 1.5 shows weak satellite reflections, suggesting ordering features of both C-type yttria and distorted pyrochlore. 11 Other electron diffraction studies of 39% and 48% YO 1.5 single crystals found that the diffuse intensity in the patterns of these crystals resembles the ␦ structure. 12, 13 While some reports in the literature have focused on the structures of YSZ and on the evidence for SRO, others have focused on elucidating the driving forces for stability. One can consider three major driving forces for stability in the system: ͑1͒ the electrostatic interaction of ions and vacancies, ͑2͒ the preference for sevenfold coordinated zirconium, and ͑3͒ the relaxation of ions away from idealized cubic fluorite sites driven by vacancy relaxation and by the size difference between Y 3+ and Zr 4+ . 21 The effect of relaxation has been extensively discussed. Numerous experimental studies have measured the direction of relaxation of oxygen, Zr, and Y away from cubic fluorite sites. 17, 19, [22] [23] [24] [25] [26] Frey et al. 14 offered a thorough review. Computational studies of ordered structures show that the elastic and electrostatic interactions push the structure in opposite directions. 21, 27 The elastic component of the energy tends to move the ions away from cubic fluorite sites. Zacate et al., 20 in particular, found in their computational study that oxygen ions relax toward a vacancy when a dopant cation smaller than Zr is a first nearest neighbor to the vacancy. If the dopant at the first nearest neighbor position is larger than Zr ͑Y, for example͒, only some of the oxygen ions relax in position. However, if the dopant larger than Zr is second nearest neighbor to the vacancy, all oxygen ions relax toward the vacancy and the dopant-vacancy pair has the highest binding energy in this configuration.
Given an understanding of the parent YSZ structure, the evidence for SRO, and knowledge of factors driving phase stability, we completed a systematic computational search for ground-state structures. In searching for stable ordered structures, we sought to determine whether experimental reports of SRO are indicative of thermodynamically stable LRO and, if so, to compare the known driving forces for stability in YSZ to the evidence for long-range-ordered structures. Vacancy ordering at low yttria compositions would inhibit oxygen conductivity and explain why oxygen conductivity in YSZ peaks and decreases with increasing yttrium and vacancy concentration.
II. METHODS
Several approaches to searching for low-energy structures in materials exist. Some of these methods involve searching through crystallographic databases by either using brute force [28] [29] [30] or using data mining approaches. 31, 32 These methods have been quite effective in a number of applications, but they have the serious restriction of being incapable of predicting completely unobserved crystal structure types. Besides these methods, however, there are those that do not have the said restriction and are capable of predicting new structure types: genetic algorithm methods, 33 lattice algebra enumeration methods, 34 and cluster expansion techniques. For problems in which one desires to find low-energy configurations of atoms or ions on a fixed lattice topology, the cluster expansion is the most mature and effective computational tool. A cluster expansion is essentially a parametrization of the total energy in terms of variables that describe the occupation of each lattice site [35] [36] [37] [38] and has been applied to a wide variety of alloys, including metallic, [37] [38] [39] semiconductor, 38, 40 and oxide 41, 42 systems. It has also been applied to the modeling of phase diagrams, 37 ,38 short-range order, 43 vibrational entropies, 44 and equilibrium and kinetic evolution of precipitates. [45] [46] [47] Cluster expansions are commonly used to model systems with a binary disorder ͑i.e., two species can occupy the sites of a lattice͒. The YSZ system is more complex than a simple binary system because it contains a binary disorder on both cation ͑Y-Zr͒ and anion ͑oxygen-vacancy͒ sublattices. To deal with materials that have a disorder on multiple sublattices, Tepesch developed the coupled cluster expansion ͑CCE͒ approach. 48 In a typical simple binary cluster expansion, a spin variable i with a value of +1 or −1 denotes the type of atom sitting on each site i. One then expands the energy ͑or any other function of configuration͒ in polynomials of the discrete variables i . The polynomials called cluster functions are the product of the spin variables at one or more sites and form a complete orthonormal basis. 35 In a coupled cluster expansion, two lattices can be simultaneously considered with a different set of spin variables for each of the two sublattices ͑ , ͒. Cluster functions are then defined with products of spin variables from either or both sublattices,
͑1͒
Such product basis is mathematically complete and has been used to model complex chemical systems. 48 In YSZ, two lattices must be considered: cations approximately sit on fcc lattice sites and anions sit on simple cubic lattice sites. The set of clusters of the YSZ expansion includes clusters with only anion sites, clusters with only cation sites, and clusters with both anion and cation sites and, as such, includes anion-anion, cation-cation, and anion-cation interactions. The effective cluster interactions ͑ECIs͒ can be determined by fitting Eq. ͑1͒ with the calculated energy of a large number of ordered arrangements of ZrO 2 -Y 2 O 3 . For each structure, the occupation variables i and j in Eq. ͑1͒ may be evaluated from the unit cells.
In a matrix notation, the cluster expansion becomes a mathematical fit solved by least-squares minimization or linear programming routines, 49 ,50
where E m is a vector of m structural energies, X mxn is a matrix containing the values of the n cluster functions evaluated in all m structures, and V n are the ECIs to be determined. In this paper, the energy for a configuration of cations ͑͒ or anions ͑͒ is expressed as the formation energy of a structure per cation, which is simply the total energy of the configuration minus the composition-weighted average of the energies of pure zirconia and pure yttria,
The formation energies may be defined with respect to either the monoclinic ZrO 2 energy or the cubic ZrO 2 energy. The ground states are the structures that form the lowest convex hull in the E formation -x YO1.5 space ensuring that the ground states or their linear combination are below the energy of any other structure. Once the ECIs are known, one can rapidly determine the energetics for any configuration of ions. A quick evaluation of energies is essential to finding ground states amid a large number of potential structures. To search for ground states in YSZ, we enumerated a database of all structures that are possible in supercells of nine primitive fcc unit cells or smaller. Each primitive unit cell has one cation and two anion sites, and the database forms our population of 81 827 "trial" ground-state structures. Starting with a set of energies calculated with density functional theory in the generalized gradient approximation, we search for ground-state structures by following an iterative approach.
Step 1: Determine the ECI by fitting to calculated density functional theory ͑DFT͒ energies of structures.
͑2͒
Step 2: By using the ECI, obtain estimated energies for the complete set of 81 827 trial structures and construct a convex hull.
͑3͒
Step 3: For the trial structures with low estimated energies ͑energies near or below the convex hull͒, calculate the DFT energy ͑if not already in the DFT set͒.
͑4͒
Step 4: If both CCE and DFT consistently give the same stability of low-energy structures ͑same structures on the convex hull͒, stop. Otherwise, return to step 1 with a new DFT set and refit the ECI.
This procedure tends to converge to a stable set of groundstate structures. The errors in the energies predicted by the cluster expansion relative to the direct DFT-calculated energies decrease with each iteration as more energies are added to the expansion, and the structures predicted to be at or below the convex hull are more frequently confirmed so by the direct DFT calculation. Binary cluster expansions typically show convergence with approximately 10-50 DFT energies; however, we found that the complexity of the coupled cluster expansion makes quantitative convergence more difficult to achieve. By using an initial database of 120 DFT energies, we constructed the coupled cluster expansion of YSZ and added DFT energies to converge the cluster expansion. As energies were added, we also implemented the iterative process to identify the ground-state structures of the system. The final database contained 453 DFT energies, representing a very large database of DFT energies for this system.
The DFT total energies of each structure used to fit the cluster expansion are obtained by using the Vienna ab initio simulation package 51, 52 ͑VASP͒ within the generalized gradient approximation using the PW91 exchange-correlation functional.
53-55
The calculations use ultrasoft pseudopotentials 56 and a plane-wave basis set with an energy cutoff of 515 eV. Starting with configurations of ions in exact cubic fluorite positions, the ion positions and unit cell volumes are allowed to relax during energy minimization whereby the Brillouin zone is sampled with a 2 ϫ 2 ϫ 2 k-point mesh. A second relaxation on a 4 ϫ 4 ϫ 4 k-point mesh gives the final energy. Calculations of some structures with a 6 ϫ 6 ϫ 6 k-point mesh ensured that the 4 ϫ 4 ϫ 4 k-point mesh was adequate for a k-point convergence.
III. RESULTS AND DISCUSSION
The development of the cluster expansion and the iterative search for ground states led to the direct DFT calculation of 453 structures across the compositions 0%, 22%, 25%, 29%, 33%, 44%, 50%, 57%, 67%, 73%, 75%, 80%, 86%, 89%, and 100% YO 1.5 . The energies of the structures with respect to monoclinic ZrO 2 and C-type yttria are shown in Fig. 2 . By evaluating the energies of 81 827 trial structures of both common and unusual structure types, the cluster expansion finds two ground-state stable structures that lie on the convex hull: Zr 4 The monoclinic structure is the true low-temperature ground-state phase of zirconia, but plotting the formation energies of the 453 structures with respect to the formation energies of cubic ZrO 2 and C-type yttria gives insight into metastable structures that may be present in the YSZ system. Cubic ZrO 2 is dynamically unstable, and previous work addresses the instability of ZrO 2 .
57,58 Here, we consider only zero temperature and static energies, without explicitly considering destabilizing phonons in the calculations. Upon the experimental addition of yttria to zirconia, the system becomes stabilized in a cubic fluorite solid solution.
A plot of the formation energies with respect to cubic ZrO 2 is presented in Fig. 3 structures are locally stable on the cubic fluorite lattice, and a shortrange order in the real system may be indicative of these structures.
We give coordinates for all predicted stable and metastable low-energy ordered states on the cubic fluorite lattice but discuss only the Zr 4 Y 2 O 11 structure in more detail. It represents a true T = 0 K ground state within DFT ͑with respect to monoclinic ZrO 2 ͒. The observed ␦ phase has been previously discussed in some detail.
A long-range ordered structure has not been previously confirmed in Zr 4 Y 2 O 11 , but the ground state in this composition has interesting ordering features. The symmetry of the predicted Zr 4 Y 2 O 11 structure is C2 / m. The ͑1 1 1͒ cation planes alternate between pure Zr planes and mixed Y and Zr planes. The mixed planes contain Zr surrounded by hexagons of Y ͑Fig. 4͒; hence, Y and Zr in the mixed planes form a common and stable pattern on the triangular lattice. 59 Oxygen vacancies are first nearest neighbors to all Zr and second nearest neighbors to Y.
Since the ionic arrangement along ͗1 1 2͘ was previously recognized in YSZ, we also describe Zr 4 Y 2 O 11 from that vantage point. 9 In the mixed planes of Fig. 4 , one can identify two Zr ͗1 1 2͘ chains alternating with a single Y ͗1 1 2͘ chain. Vacancies form parallel ͗1 1 2͘ chains in the anion planes, and the vacancies are equally distributed throughout the anion sublattice at sixth nearest neighbors to each other. The vacancy chains are arranged, so they are at second nearest neighbors to yttrium.
The distinctive feature of the Zr 4 Y 2 O 11 predicted structure is that all vacancies are nearest neighbor to zirconium ions 58 The degree of covalency may have implications for bonding in both pure and doped zirconias.
IV. CONCLUSIONS
This study used a coupled cluster expansion together with density functional theory calculations to examine ordered structures across the ZrO 2 -Y 2 O 3 composition range. A database of 81 827 cation and anion ordered arrangements was developed with all possible YSZ structures on the cubic fluorite lattice with supercells containing nine or fewer primitive unit cells.
By using the coupled cluster expansion to suggest possible ground-state structures from the database, we iteratively calculated the suggested structures with DFT and reparameterized the cluster expansion. The development of the cluster expansion and the iterative process led to the calculation of DFT formation energies for 453 structures and identified four ordered ground states at compositions between cubic zirconia and C-type yttria. hallmarks of stability found in YSZ: yttrium and vacancies at second nearest neighbors, relaxation of Zr-O bond lengths, and sevenfold coordination of zirconium by oxygen as in monoclinic ZrO 2 . The peak in oxygen ionic conductivity in the zirconia-yttria system is at 15%-18% YO 1.5 composition. The discovery of metastable ordered structures at 25% and 29% YO 1.5 and a ground state at 33% YO 1.5 suggests that a short-range order at these compositions may be expected at nonzero temperatures. This short-range order may be responsible for the observed decline in ionic conductivity at these compositions.
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